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In quantum mechanics, joint measurements of non-commuting observables are only possible if a
minimal unavoidable measurement uncertainty is accepted. On the other hand, correlations between
non-commuting observables can exceed classical limits, as demonstrated by the violation of Bell’s
inequalities. Here, the relation between the uncertainty limited statistics of joint measurements and
the limits on expectation values of possible input states is analyzed. It is shown that the experimen-
tally observable statistics of joint measurements explain the uncertainty limits of local states, but
result in less restrictive bounds when applied to identify the limits of non-local correlations between
two separate quantum systems. A tight upper bound is obtained for the four correlations that
appear in the violation of Bell’s inequalities and the statistics of pure states saturating the bound
is characterized. The results indicate that the limitations of quantum non-locality are a necessary
consequence of the local features of joint measurements, suggesting the possibility that quantum
non-locality could be explained in terms of the local characteristics of quantum statistics.
I. INTRODUCTION
Scientific investigations must be rooted in reproducible observations. In quantum theory, this requires a closer
look at the mechanisms of measurement and control, since it is not immediately obvious how the theoretical formal-
ism describes these mechanisms. In recent years, there has been a renewed interest in the non-classical aspects of
measurement statistics, motivated to a great extent by an increasing variety of experimental realizations of quantum
measurements [1–22]. At the center of these investigations is the uncertainty principle and the associated possibility
of jointly measuring complementary observables that do not have a joint representation in the theoretical description
of quantum systems [23–37]. The results of these investigations show that the Hilbert space formalism imposes a set
of well defined rules on joint measurements, and the derivation of these rules from the structure of Hilbert space may
help to explain the physics behind the strange and unexpected features of quantum theory.
Of particular importance would be a better understanding of the violation of Bell’s inequalities, which is widely
recognized as the most compelling proof that the outcomes of quantum measurements cannot be explained in terms
of local physical properties assigned to the individual systems [38–40]. It should be obvious that the violation of Bell’s
inequalities is only possible because there is no uncertainty free joint measurement of the observables concerned [41–
43], but it is less clear how non-local correlations appear in the statistics of uncertainty limited joint measurements.
Up to now, the focus of the analysis has mostly been on formal criteria of non-classicality [44–47], and the results are
usually related to the structure of Hilbert space algebras. The closest that previous research has come to a detailed
analysis of the relation between measurement incompatibility and Bell’s inequalities is the explanation of the Cirel’son
bound [48], which identifies the quantum mechanical limit of Bell’s inequality violations. In the first analysis of this
kind, Oppenheim and Wehner explained the Cirel’son bound using the uncertainty limits of conditional quantum
states obtained from measurements of one of the two correlated systems [49, 50]. Motivated by this result, it was
then shown that the Cirel’son bound can also be derived from the uncertainty limits of a joint measurement of two
collective observables in Bell’s inequalities [51]. In a sense, these two approaches are complementary to each other,
since [49] establishes the possibility of explaining the limit of non-local correlations in terms of the uncertainty limits
of local quantum states without any analysis of joint measurability or measurement uncertainties, while [51] analyzes
the limits of a collective measurement of the two qubits, thereby establishing a link between the Cirel’son bound
and measurement incompatibilities in the four dimensional Hilbert space of two qubits. Specifically, [51] explains the
Cirel’son bound as the uncertainty bound for a joint measurement of two incompatible correlations represented by
XˆAXˆB − YˆAYˆB and XˆAYˆB + YˆAXˆB. The joint measurement considered is therefore non-local and does not provide
any information about the correlation between the local qubit components Xˆi and Yˆi. Since the concept of quantum
non-locality relies on ambiguities in the relation between local quantum statistics and their non-local correlations,
it should be of considerable interest to see whether there exists a relation between the Cirel’son bound and the
uncertainties of local measurements performed separately on the two qubits. It is therefore the goal of this paper to
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2explain the quantum mechanical bounds on non-local correlations in terms of the local measurement uncertainties of
two joint measurements applied independently to each of the two quantum correlated systems.
As I show in the following, the problem that needs to be solved first is the relation between quantum statistics and
measurement uncertainties in a locally performed single qubit measurement. Although the mathematical formalism
has been discussed at length in the literature, it seems that not sufficient attention has been paid to the experimentally
observable correlations between the measurement outcomes for two non-commuting observables. I therefore start
the analysis by pointing out that all uncertainty limited joint measurements of the qubit components Xˆ and Yˆ
result in outcome statistics where the average of the product of the two outcome values of ±1 is exactly zero.
This experimentally verifiable fact explains the need for quantum state uncertainties, since it would result in the
prediction of negative experimental probabilities for any combination of uncertainty free inputs and measurements.
Importantly, the problem of negative probability predictions is not resolved by the measurement uncertainties alone.
Once measurement uncertainties are included, the positivity of joint measurements defines a corresponding uncertainty
bound that apply to the possible statistics of the input states. This means that the statistical rules that apply to
joint measurements of two observables impose non-trivial limitations on the possible statistics observed in precise
measurements of the individual observables. As a consequence, it is possible to derive the uncertainty bounds of
local quantum states from the positivity bounds defined by the state-independent statistical properties of local joint
measurements.
The main result of the present paper is that the requirement of positivity for experimental probabilities observed in
a combination of two local joint measurements performed on two separate quantum systems defines a bound on the
non-local correlations between the two systems (Eq.(13) below). It should be noted that this bound is much stronger
than the Cirel’son bound, which only describes the upper limit of the violation of Bell’s inequalities. The complete
bound also restricts other linear combinations of the four correlations that appear in Bell’s inequalities, producing a
more precise description of the limits of non-local quantum coherence in entangled states. Bell’s inequalities can be
violated because the bounds imposed by a combination of two local measurement uncertainties is weaker than the
bounds imposed by local realism. It is of particular importance that the result reported here explains the bounds
on non-local correlations between two qubits in terms of local measurement uncertainties for joint measurements of
single qubits. The limits of quantum correlations between two qubits can thus be traced back to the statistics of
individual qubits, indicating that the failure of realism signified by Bell’s inequality violations originates from a more
fundamental failure of realism in the local relations between Xˆi and Yˆi observed in joint measurements.
II. STATISTICS OF JOINT MEASUREMENTS FOR QUBITS
Quantum theory sets very precise conditions for the realization of measurements that are simultaneously sensitive to
two non-commuting observables. If the measurements are carried out in sequence, there is a necessary trade-off between
the resolution of the first measurement and the disturbance of the second observable caused by this measurement. As
a consequence, both measurement results are characterized by statistical errors, one caused by limited resolution and
the other by a dynamical change of the system properties. However, the measurement statistics themselves do not
distinguish between the possible causes of the errors or the sequence in which the measurements are performed, and
the relation between input states and the joint probabilities of the measurement outcomes can always be summarized
by assigning a measurement operator to each pair of outcomes. It is therefore possible to describe a set of universal
conditions imposed by quantum theory on the joint measurement of any two non-commuting observables, independent
of the details of the particular realization of the joint measurement. In general, these fundamental characteristics of
joint measurements describe both the uncertainty limits and the experimentally observed correlations between the
two measurement results in terms of a set of rules that describe the precise relation between the probabilities of
measurement outcomes and the statistics of the input state.
In the case of a single two level system, the rules that determine the experimentally observable statistics of mea-
surement outcomes are particularly simple. For a pair of observables Xˆ and Yˆ with eigenvalues of ±1 and mutually
unbiased eigenstates, the quantum statistics of the input state can be expressed by the expectation values 〈Xˆ〉 and
〈Yˆ 〉 observed in separate measurements of the observables Xˆ and Yˆ . The statistics of the measurement outcomes
is given by a joint probability Pexp.(x, y) over the four possible measurement outcomes x, y = ±1. This probability
distribution can also be characterized in terms of the averages of the measurement outcomes, 〈x〉exp. and 〈y〉exp..
For a properly constructed measurement, these averages should be proportional to the expectation values 〈Xˆ〉 and
〈Yˆ 〉 of the input state, where random measurement errors result in a reduction of the proportionality by a constant
factor. If these two factors are defined as the visibilities Vx and Vy of the joint measurement, the relations between
the experimentally obtained averages of the measurement outcomes and the expectation values of the input state are
3given by
〈x〉exp. = Vx〈Xˆ〉,
〈y〉exp. = Vy〈Yˆ 〉. (1)
These relations strictly require that the experimental expectation values of the measurement outcome x depend only
on the input expectation value 〈Xˆ〉 of the quantum state, and the expectation values of the measurement outcome y
depend only on the input expectation value 〈Yˆ 〉 of the quantum state. In an experiment, it would be necessary to
ensure that there is no dependence of the outcomes of Xˆ on Yˆ or vice versa, since such relations would create artificial
correlations between x and y in the measurement outcomes.
The complete joint probability Pexp.(x, y) can be derived from the averages 〈x〉exp. and 〈y〉exp. and a third average
for the product of the two outcomes, 〈xy〉exp.. This third average cannot be related directly to an expectation value of
the qubit since it cannot be obtained in separate measurements of Xˆ and Yˆ . It thus represents a piece of experimental
evidence about the relation between Xˆ and Yˆ that can only be obtained in joint measurements [22, 36]. A complete
characterization of the statistics of errors in joint quantum measurements therefore requires an additional description
of how quantum theory determines this additional piece of information.
For complementary properties of two level systems, it is possible to construct joint measurements that are only
sensitive to the expectation values 〈Xˆ〉 and 〈Yˆ 〉 that span the equatorial plane of the Bloch vector. If these mea-
surements satisfy the requirements of Eq.(1), there cannot be any systematic bias favoring either positive or negative
values of the product xy in the outcomes of the measurement. Therefore, the experimental average of the product xy
is exactly equal to zero for this class of joint measurements,
〈xy〉exp. = 0. (2)
This relation is indeed satisfied by a wide range of experimental realizations of joint measurements, such as the
sequential measurements used to study Leggett-Garg inequality violations and measurement uncertainties [1, 2, 5–
8, 10, 12]. We should therefore consider Eq.(2) as an experimentally confirmed property of uncertainty limited joint
measurements of Xˆ and Yˆ . Conditions (1) and (2) completely determine the four outcome probabilities Pexp.(x, y) of
the joint measurement. The results read
Pexp.(+1,+1) =
1
4
(
1 + Vx〈Xˆ〉+ Vy〈Yˆ 〉
)
Pexp.(+1,−1) = 1
4
(
1 + Vx〈Xˆ〉 − Vy〈Yˆ 〉
)
Pexp.(−1,+1) = 1
4
(
1− Vx〈Xˆ〉+ Vy〈Yˆ 〉
)
Pexp.(−1,−1) = 1
4
(
1− Vx〈Xˆ〉 − Vy〈Yˆ 〉
)
. (3)
Because of condition (2), these probabilities cannot describe an uncertainty free measurement. Specifically, the
expectation value 〈xy〉exp. would have to be equal to +1 for an uncertainty free measurement of an input with x = +1
and y = +1. If condition (2) is imposed, the logical contradiction between the actual values and condition (2)
results in negative probabilities in Eq.(3). It is therefore possible to identify the uncertainty limits required by Eq.(2)
quantitatively using the requirement of positivity for the probabilities in Eq.(3). The result is a limit on visibilities
and expectation values given by
|Vx〈Xˆ〉|+ |Vy〈Yˆ 〉| ≤ 1. (4)
The use of condition (2) thus establishes a relation between the measurement uncertainties represented by Vx and
Vy and the quantum state uncertainties represented by 〈Xˆ〉 and 〈Yˆ 〉. If we complete the description of the joint
measurement by adding the uncertainty limit of Vx and Vy, it is possible to derive the uncertainty limit for 〈Xˆ〉 and
〈Yˆ 〉 in quantum state preparation from the requirement that the statistics of the joint measurement must always be
positive.
For the class of measurements discussed here, the measurement uncertainties described by the visibilities are known
to satisfy an uncertainty relation given by [5, 23]
V 2x + V
2
y ≤ 1. (5)
Using this uncertainty limit, the requirement that the experimentally observed probabilities in Eq.(3) must always be
positive results in the condition
〈Xˆ〉2 + 〈Yˆ 〉2 ≤ 1 (6)
4for all possible input states. Thus the curved surface of the Bloch sphere can be derived from the statistical properties
of joint measurements given by condition (2) and the measurement uncertainty in Eq.(5).
It is important to remember that the impossibility of uncertainty free joint measurements is an essential element
of quantum theory [43]. In the derivation above, uncertainties emerge as a result of a single non-classical condition,
Eq.(2), which defines a necessary statistical relation between the measurement outcomes x and y. Since this statistical
relation does not depend on the input state, it is difficult to reconcile it with any measurement independent assignment
of values to x and y. This difficulty imposes fundamental limitations on quantum state statistics that are actually
more restrictive than hidden variable theories. It is therefore interesting to ask what kind of restrictions we can obtain
for quantum correlations that exceed the bounds of such hidden variable theories. Specifically, it should be interesting
to analyze the specific bounds imposed by a pair of joint measurements on the quantum correlations that appear in
Bell’s inequalities.
III. OBSERVATION OF TWO QUBIT CORRELATIONS BY JOINT MEASUREMENTS
If two local joint measurements are performed independently on a pair of qubits, the correlations between the
two qubits will be observed in the joint measurement statistics Pexp.(xA, yA, xB , yB). In general, there are fifteen
independent statistical moments that characterize this probability distribution over sixteen possible outcomes. To
simplify the problem somewhat, the analysis can be limited to situations where all local expectation values are zero.
The marginal probabilities for qubit A and for qubit B are then characterized by probabilities of 1/4 for all four
possible outcomes of (xA, yA) or (xB , yB). This assumption eliminates six of the fifteen statistical moments, leaving
only nine moments of the distribution for the following analysis. These nine statistical moments can all be expressed
as correlations between (xA, yA, xAyA) and (xB , yB, xByB). However, Eq.(2) implies that expectation values that
involve either xAyA or xByB will all be zero. If we represent an arbitrary contribution from system i by fi, the rule
for correlations between the outcomes of joint measurements reads
〈xAyA fB〉exp. = 0,
〈fA xByB〉exp. = 0. (7)
Note that fi can stand for xi, yi or the product xiyi. This means that the first line of Eq.(7) represents three
additional conditions, and the second line provides another two, with the third condition being equal to the third
condition of the first line. In total, these are five more conditions that determine the joint measurement statistics for
the two independently performed local measurements of the two qubits. The remaining four statistical moments are
determined by the correlations between (xA, yA) and (xB , yB), which can be related to the input expectation values
between (XˆA, YˆA) and (XˆB, YˆB) using the visibilities of local measurements as defined by Eq.(1),
〈xAxB〉exp. = Vx(A)Vx(B)〈XˆA ⊗ XˆB〉,
〈xAyB〉exp. = Vx(A)Vy(B)〈XˆA ⊗ YˆB〉,
〈yAxB〉exp. = Vy(A)Vx(B)〈YˆA ⊗ XˆB〉,
〈yAyB〉exp. = Vy(A)Vy(B)〈YˆA ⊗ YˆB〉. (8)
The probabilities Pexp. for the sixteen outcomes of the two joint measurements (xA, yA, xB, yB) thus depend only on
the four correlations between local observables that can also be observed in separate measurements of XˆA or YˆA and
XˆB or YˆB . All of the other 11 experimentally observed expectation values are exactly zero.
It is in principle a straightforward matter to derive explicit expressions for the experimentally observable proba-
bilities by inverting the relations expressing the 15 experimental averages and the total probability of one as linear
combinations of the joint probabilities. Since only four of the experimental averages are non-zero, the resulting ex-
pressions for the probabilities take a rather simple form. Although it would be possible to give a complete list of the
16 expressions, it might be sufficient to show one explicit example for which the positivity limit is particularly easy
to see,
Pexp.(+1,+1,−1,−1) =
1
16
(1− Vx(A)Vx(B)〈XˆA ⊗ XˆB〉 − Vx(A)Vy(B)〈XˆA ⊗ YˆB〉
−Vy(A)Vx(B)〈YˆA ⊗ XˆB〉 − Vy(A)Vy(B)〈YˆA ⊗ YˆB〉) ≥ 0. (9)
For other values of (xA, yA, xB, yB), the signs in front of each correlation are determined by the corresponding products
of (xA, yA) and (xB , yB). As will be shown in the next section, these changes in sign before the visibilities can be
used to identify a single expression for the requirement that all 16 experimental probabilities must always be positive.
5Eq. (9) shows that the experimentally observed probability distribution of a joint measurement of (xA, yA, XB, yB)
originates from the quantum state statistics observed in separate projective measurements on XˆA or YˆA and XˆB or
YˆB. It is therefore possible to predict the measurement probabilities of the joint measurement from the results of
separate measurements of the correlations 〈XˆA ⊗ XˆB〉, 〈XˆA ⊗ YˆB〉, 〈YˆA ⊗ XˆB〉 and 〈YˆA ⊗ YˆB〉. Since experimental
measurement probabilities cannot be negative, Eq.(9) imposes a fundamental limit on the possible values of these
correlations. In the following, these limits will be determined based on the known uncertainty limits for the visibilities
of the measurements given by Vx(A), Vy(A) and Vx(B), Vy(B).
IV. ANALYSIS OF THE STATISTICAL BOUNDS FOR NON-LOCAL CORRELATIONS
Since the probabilities of all possible experimental outcomes must be positive, it is possible to identify statistical
bounds that relate local (single qubit) measurement uncertainties to non-local (two qubit) expectation values. For
the probability in Eq.(9), this statistical bound is given by
Vx(A)Vx(B)〈XˆA ⊗ XˆB〉+ Vx(A)Vy(B)〈XˆA ⊗ YˆB〉
+Vy(A)Vx(B)〈YˆA ⊗ XˆB〉+ Vy(A)Vy(B)〈YˆA ⊗ YˆB〉 ≤ 1. (10)
All other bounds can be obtained by flipping the signs in front of each visibility Vm(S) to find the bound for an
outcome with opposite sign in mS .
The bound given by Eq.(10) depends on the visibilities Vm(S), and these visibilities are themselves bounded by
the uncertainty relation given in Eq.(5). Since experimental probabilities must remain positive for all possible mea-
surement uncertainties, the bounds for the correlations between qubit A and qubit B must ensure that no permitted
combination of visibilities violates Eq.(10) or any of the bounds obtained for the other measurement outcomes. For-
tunately, it is possible to summarize the bounds by noting that the maximal visibilities satisfying Eq.(5) can be
characterized by trigonometric functions, so that the balance between the visibility Vx(A) and the visibility Vy(A) is
described by an angle of α, while the balance between the visibility of Vx(B) and the visibility Vy(B) is described
by an angle of β. The constraint that visibilities need to be positive would seem to indicate that the angles α and β
should be limited to an interval between zero and pi/2. However, this restriction can be lifted to formulate a single
condition for all possible combination of measurement outcomes. Specifically, it is possible to define the visibilities as
a product of trigonometric functions and the values of (xA, yA, xB, yB) to which the condition of positive probability
is to be applied,
Vx(A) = xA cos(α)
Vy(A) = yA sin(α)
Vx(B) = −xB cos(β)
Vy(B) = −yB sin(β). (11)
For any combination of α and β, these visibilities are positive for one specific combination of (xA, yA, xB, yB). When
these visibilities are inserted into the formula for the joint probability of this specific combination of measurement
outcomes, the values of the measurement outcomes cancel out, resulting in a single inequality that must be satisfied
for all possible values of α and β,
cos(α + β)
(
〈XˆA ⊗ XˆB〉 − 〈YˆA ⊗ YˆB〉
)
+ sin(α+ β)
(
〈XˆA ⊗ YˆB〉+ 〈YˆA ⊗ XˆB〉
)
+ cos(α − β)
(
〈XˆA ⊗ XˆB〉+ 〈YˆA ⊗ YˆB〉
)
− sin(α− β)
(
〈XˆA ⊗ YˆB〉 − 〈YˆA ⊗ XˆB〉
)
≤ 2. (12)
In this inequality, α and β represent both the uncertainty trade-off at the uncertainty limit given by Eq.(10) and the
selection of a specific measurement outcome for which the bound keeps the probabilities positive. It is then possible
to find the bound for the quantum correlations of the two qubit state by requiring that Eq.(12) must be satisfied for
all possible values of α and β.
Since the sums and the differences of α and β can be varied independently, it is easy to identify the bound that
applies to the correlations. Specifically, the optimal choice of visibilities results in contributions that correspond to
6the lengths of two dimensional vectors in the Bloch space of multi-qubit expectation values,√(
〈XˆA ⊗ XˆB〉 − 〈YˆA ⊗ YˆB〉
)2
+
(
〈XˆA ⊗ YˆB〉+ 〈YˆA ⊗ XˆB〉
)2
+
√(
〈XˆA ⊗ XˆB〉+ 〈YˆA ⊗ YˆB〉
)2
+
(
〈XˆA ⊗ YˆB〉 − 〈YˆA ⊗ XˆB〉
)2
≤ 2. (13)
This bound is the central result of the present paper. It describes a tight statistical limit for the four non-local
correlations between a pair of qubits that also appear in Bell’s inequalities. However, the present bound is based on
the necessary positivity of experimentally observable probabilities, and not on the hypothetical possibility of assigning
hidden variables to unobserved quantities. Specifically, the bound given by Eq.(13) is necessary because quantum
mechanics allows for joint local measurements that would result in experimentally observable negative probabilities
if this bound was exceeded. The possibility of uncertainty limited joint measurements thus explains why no quantum
state can ever exceed the bound given by Eq.(13). Since the bound is a fundamental limit of the quantum correlations
between two qubits, it is closely related to the Cirel’son bound [48], which describes the maximal violation of Bell’s
inequalities permitted by quantum mechanics. In fact, the Cirel’son bound is already included in the bound given by
Eq.(13), as will be shown in the following.
To obtain a better intuitive understanding of the bound in Eq.(13), it may be useful to derive bounds that are less
tight but easier to interpret. The most obvious simplification is to focus on only one of the two square roots on the
right hand side of the inequality, which allows us to remove the square root to obtain
(
〈XˆA ⊗ XˆB〉 − 〈YˆA ⊗ YˆB〉
)2
+
(
〈XˆA ⊗ YˆB〉+ 〈YˆA ⊗ XˆB〉
)2
≤ 4. (14)
This simplification of the bound already brings us closer to the term on the left hand side of a Bell’s inequality.
Specifically, the Bell’s inequality defines a bound for the sum of the two terms that are squared on the left hand side
of Eq.(14). Using the basic mathematical properties of squares, it is possible to identify the bound that applies only
to the sum of the terms, which can be saturated when the difference of the two terms is exactly equal to zero. This
bound for the left hand side of the Bell’s inequality reads
〈XˆA ⊗ XˆB〉+ 〈XˆA ⊗ YˆB〉+ 〈YˆA ⊗ XˆB〉 − 〈YˆA ⊗ YˆB〉 ≤ 2
√
2, (15)
which is equal to the Cirel’son bound that described the maximal violation of Bell’s inequalities allowed by quantum
mechanics [48].
The relation between the Cirel’son bound and joint measurability has been identified previously by Banik and
coworkers [51]. However, the joint measurement considered in that work was a non-local measurement of the two
correlations that are squared on the right hand side of Eq.(14). Effectively, Banik et al. considered the incompatibility
between measurements of XˆAXˆB− YˆAYˆB and XˆAYˆB+XˆAYˆB in the two dimensional subspace of the two qubit Hilbert
space where these two correlations have eigenvalues of ±2. It is therefore an important result that the bound can also
be derived from the uncertainty limits of local measurements. The present analysis shows that the Cirel’son bound can
be explained by the measurement uncertainties of two local measurements, where each measurement outcome assigns
individual values to each of the four local observables. The combined effects of non-local quantum state statistics
and local measurement uncertainties can then be observed in the joint probabilities of the 16 possible outcomes. In
particular, achievement of the tight bound given by Eq. (13) means that a specific joint probability drops to zero
at this bound, and any further increase in the correlations responsible for the low probability of that outcome would
reduce this probability to a negative value. Oppositely, any increase in measurement visibility would likewise result
in a negative value of the probability. Since the visibilities are limited by local uncertainty relations, the present
result indicates that the failure of local realism associated with the violation of Bell’s inequalities originates from a
local failure of realism associated with measurement uncertainties. As explained in Sec. II, local uncertainty bounds
are also needed to keep experimental probabilities positive for local input states. The Cirel’son bound can thus be
explained a non-local consequence of this entirely local relation between measurement uncertainties and the statistics
of quantum states.
V. SATURATION OF THE BOUND
Before taking a closer look at the statistics observed at the bound, it may be good to relate the bound to the
quantum states that saturate it. In particular, it is important to demonstrate that the bound is tight and cannot be
improved upon by the addition of more terms. To do so, it is necessary to identify the density matrix elements that
7correspond to the correlations in Eq.(13). Using the conventional definition of the computational basis {| 0〉, | 1〉}
so that Xˆ | 0〉 =| 1〉 and Yˆ | 0〉 = i | 1〉, the correlations can be identified with specific off-diagonal elements of the
density matrix using
(XˆA ⊗ XˆB − YˆA ⊗ YˆB)− i(XˆA ⊗ YˆB + YˆA ⊗ XˆB) = 4 | 11〉〈00 |
(XˆA ⊗ XˆB + YˆA ⊗ YˆB)− i(XˆA ⊗ YˆB − YˆA ⊗ XˆB) = 4 | 01〉〈10 | . (16)
The bound given by Eq.(13) is therefore equal to the mathematical limit on two coherences in separate subspaces of
the density matrix,
|〈00 | ρˆ | 11〉|+ |〈10 | ρˆ | 01〉| ≤ 1
2
. (17)
This bound is saturated by any equal superpositions of | 00〉 and | 11〉, by any equal superpositions of | 10〉 and | 01〉,
and by any statistical mixture of the two.
The simplified bound of Eq.(14) is the bound in the subspace of | 00〉 and | 11〉, saturated by any state of the form
| ψsat.〉 = 1√
2
(| 00〉+ exp(iφ) | 11〉) , (18)
with correlations of
〈XˆA ⊗ XˆB〉 = −〈YˆA ⊗ YˆB〉 = cos(φ),
〈XˆA ⊗ YˆB〉 = 〈YˆA ⊗ XˆB〉 = sin(φ). (19)
The bound thus identifies a maximal two qubit coherence. Note that the Cirel’son bound given by Eq.(15) is only
saturated for φ = pi/4, demonstrating that the bounds derived here are significantly tighter than the Cirel’son bound
itself.
VI. EXPERIMENTAL STATISTICS AT THE BOUND
The upper bound on non-local correlations between two separate qubits derived above originates from the require-
ment that the experimentally observable measurement probabilities of joint measurements must remain positive for
all physical input states. This means that the bounds can be tested experimentally by showing that the saturation of
the bound corresponds to a probability of zero in a corresponding joint measurement. It is interesting to relate this
observation to the previous result that the Cirel’son bound can be explained by the uncertainty limit for conditional
statistics observed in correlated qubits [49]. For a quantum state at the bound, there exists a combination of joint
measurements so that at least one of the outcome probabilities is zero. If the measurement of system A is treated
as part of a conditional quantum state preparation in B, the conditional probabilities in system B describe the joint
measurement of a single qubit with one of the four joint probabilities at zero. From the discussion in Sec. III, it
is clear that the joint probability of zero marks the uncertainty limit for XˆB and YˆB in system B. Therefore the
present results may also serve as a generalization of the conditional uncertainty bound introduced by Oppenheim and
Wehner [49] to a wider variety of possible remote state preparations. The interpretation of the bound as a conditional
uncertainty bound may also help to explain why Bell’s inequality violations are possible even though the local un-
certainty bounds are more restrictive than hidden variable theories. Since the joint measurement in A used to select
the conditional state in B is also uncertainty limited, the conditional reduction of uncertainties in B is lower than the
reduction caused by a hypothetical discovery of the hidden variables that determine the exact values of XˆA and YˆA
simultaneously. Measurement uncertainties thus identify a gap between the tighter bounds of hidden local realism
and the more permissive bounds of observable local reality.
Finally, it may also be helpful to look at the experimentally observed correlations in more detail. Banik and cowork-
ers derived the Cirel’son bound by arguing that the experimental probabilities of a collective (non-local) measurement
were limited by Bell’s inequalities and demonstrating that the minimal factor by which the initial correlations were
reduced was
√
2 [51]. The present argument is quite different, since the positivity bounds of the individual outcome
probabilities are more detailed and precise than the collective bounds imposed by Bell’s inequalities. We can therefore
expect that the experimental probabilities at the bound do not saturate Bell’s inequalities. For the state in Eq.(18),
the experimentally observed correlation is
〈xAxB〉exp. + 〈yAxB〉exp. + 〈xAyB〉exp. − 〈yAyB〉exp.
= cos(α− β) cos(φ) + sin(α+ β) sin(φ), (20)
8where 0 < α < pi/2 and 0 < β < pi/2 describe the visibilities of the two local measurements according to Eq.(11).
The maximal value of this correlation is
√
2, obtained for α = β = pi/4, which describes measurements with equal
visibilities of Vx = Vy = 1/
√
2 in both systems. This actually seems to be the highest experimental value for this
correlation in any joint measurement, indicating that the Bell bound of two cannot be achieved by the experimental
statistics of local joint measurements. In fact, the experimental correlation is even lower for measurements that result
in an experimental probability of zero. In this case, the measurement visibilities must satisfy α + β = φ and the
maximal Bell‘s inequality correlation is obtained for α = β = φ/2. In the presence of an experimental outcome
probability of zero, the correlation for the state in Eq.(18) is given by
〈xAxB〉exp. + 〈yAxB〉exp. + 〈xAyB〉exp. − 〈yAyB〉exp.
= 1+ cos(φ)− cos2(φ). (21)
The maximal experimentally observable value of the Bell’s inequality correlation in the presence of a measurement
outcome with probability zero is 1.25, achieved at cos(φ) = 1/2. Interestingly, the corresponding state does not
saturate the Cirel’son bound, since the Bell’s inequality violation of the correlations shown in Eq.(19) is only (1+
√
3) ≈
2.73 for this value of φ. This result highlights the difference between the bound described by Bell’s inequalities and
the actual quantum mechanical bound required to obtain only positive experimental probabilities.
The problem with Bell’s inequalities seems to be that they do not really identify any relevant quantum mechanical
limit at all. Local uncertainty limits indicating entanglement are well below the Bell’s inequality bound and the
Cirel’son bound is well above it. Even the experimentally observable probabilities of joint measurements fail to
come close to the bound of local realism. The reason for the latter failure to achieve the Bell’s inequality bound
is that the positivity of experimentally observable probabilities must accommodate not just the Bell’s inequality
sum of correlations, but also a number of other conditions, as summarized by the comprehensive bound on non-
local correlations given by Eq.(13). It may therefore be justified to conclude that the statistical bounds imposed
by local joint measurements are more fundamental than the quantum non-locality evidenced by a violation of Bell’s
inequalities.
VII. CONCLUSIONS
Uncertainty bounds on joint measurability are a necessary condition for the observation of non-classical correlations
between non-commuting observables [41–43]. As shown above, it is possible to trace the non-classical relation between
complementary physical properties of qubit systems to a simple rule for the probabilities of measurement outcomes
observed in uncertainty limited joint measurements of these properties, which is that the average product of the two
measurement outcomes of ±1 must always be zero (Eq.(2)). When combined with the uncertainty limit of Eq.(5), this
simple rule not only determines the uncertainty limit of the qubit Bloch sphere, but also imposes collective statistical
limits on pairs of qubits that relate specifically to the maximal values of two qubit correlations. The limit given by
Eq.(13) explains the statistical signature of maximal two qubit coherence as a consequence of the uncertainty limits
of local joint measurements. This limit naturally includes the Cirel’son bound as only one component of the more
general limit on two qubit correlations. It is therefore possible to conclude that the uncertainty limits of joint quantum
measurements imposed by the experimentally observable correlations between non-commuting observables are more
fundamental than the associated limit imposed on the violation of Bell’s inequalities by the Cirel’son bound.
The present result indicates that the limitations of non-local quantum correlations are not related to any additional
constraints on non-local hidden variable models, but originate from local features of the statistical relations between
non-commuting observables that appear directly in the experimental data of joint measurements of the local systems.
Specifically, joint measurements give direct access to the non-classical relations between physical properties that seem
to be hidden by the statistical uncertainties described by the Hilbert space formalism. These relations strongly suggest
that there is no joint reality of these properties, independent of whether the state is separable or entangled. It is
therefore entirely possible - and perhaps even likely [52, 53]) - that the violation of Bell’s inequalities is merely a
natural consequence of the local structure of quantum statistics.
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